Introduction {#Sec1}
============

The Black--Scholes equations are the most popular mathematical models used for analyzing the pricing option problems in financial mathematics. Several authors have analyzed BS model using the various mathematical and numerical techniques, and proposed either closed form solution or numerical solution, respectively. Even though the BS model provides reasonable solution to analyze pricing option problems, the governing BS equation was constructed under certain limitations of assuming various financial parameters such as volatility and risk-free rate as constants. Hence, determining the essential financial parameter 'implied volatility' for options cannot be estimated in closed form. To overcome the difficulty, many authors have proposed several types of BS models in different perspective. Rouah ([@CR37]) derived various types of Black--Scholes PDE for the option by considering hedging and Replication, etc. James and Garven ([@CR12]) has demonstrated an alternative derivation of the Black--Scholes option pricing formula based on the risk neutrality arguments.

Orlando and Taglialatela ([@CR25]) estimated the implied volatility for the options using both the closed form solutions, and numerical solutions and the results are computationally illustrated. This motivated to solve fractional BS equations through which the non-local behavior of option price and implied volatility can be analyzed. Fractional BS equations were initiated especially to study the fractal structure of the financial market. Wyss ([@CR44]) developed a fractional Black--Scholes equation with a time-fractional derivative to the price European call option. Jumarie ([@CR15], [@CR16] derived the time- and space-fractional Black--Scholes equations and studied the pricing problems for both the European and American put options and gave optimal fractional Merton's portfolio.

Recently, the theory and development of new computational methodology of solving fractional Black--Scholes partial differential equation has attracted the attention of many researchers over the past 2 decades. Company et al. ([@CR2]) applied a semi-discretization technique to solve the B--S option pricing consisting of partial differential equations. Gülkaç ([@CR10]) designed an homotopy perturbation method (HPM) to yield a solution for the B--S equation with the European option pricing problem. Grossinho and Morais ([@CR9]) introduced an upper and lower solutions method to solve the non-linear boundary value problem related to financial modeling. Lesmana and Wang ([@CR20]) developed an upwind finite-difference method to solve the non-linear B--S equation for governing the European option pricing problem. Song and Wang ([@CR41]) applied a finite-difference method to solve the fractional B--S option pricing model. Elbeleze et al. ([@CR4]) initiated a combination of HPM, Sumudu transform, and He's polynomials to produce a solution for the fractional B--S equation. Kumar et al. ([@CR19]) used both the HPM and homotopy analysis method (HAM) techniques to tackle the time-fractional B--S equation with boundary conditions pertaining to the European option pricing problem. Ghandehari and Ranjbar ([@CR7]) identified the Lagrange multipliers by means of the Sumudu transform to produce an accurate solution for the fractional B--S equation along with the initial condition for the European option pricing problem. Xiaozhong et al. ([@CR45]) proposed a universal difference method for handling the time--space-fractional B--S equation. Ravi Kanth and Aruna ([@CR35]) employed the fractional differential transform method and modified the fractional differential transform method to solve the time-fractional B--S European option pricing equation.

Khan and Ansari ([@CR17]) solved the fractional B--S European option pricing equation using the Sumudu transform and its derivatives. Granada et al. ([@CR8]) applied the HPM model to solve the B--S equation. Ouafoudi and Gao ([@CR33]) used both HPM and modified HPM and Sumudu transform to yield solutions for the B--S equation in the form of convergence power series with a regularly calculated element. Farhadi and Erjaee ([@CR5]) introduced a time-fractional derivative for solving the B--S equation. Sawangtong et al. ([@CR40]) investigated an analytical solution for undertaking the B--S equation with two assets using the Laplace transform HPM approach in the Liouville--Caputo fractional derivative sense. Yavuz and Ozdemir ([@CR46]) initiated a conformable fractional adomian decomposition method (CFADM) and conformable fractional modified HPM to tackle the fractional B--S equation. Kittipoom ([@CR18]) applied an invariant subspace method to solve the time- and pricing-fractional B--S equation. Jena and Chakraverty ([@CR14]) introduced a residual power series (RPS) method for finding the analytical solution for the fractional B--S equation with an initial condition in the European option pricing problem. Prathumwan and Trachoo ([@CR34]) applied the Laplace HPM to yield an approximate solution for the B--S partial differential equation in the European put option with two assets. Uddin and Taufiq ([@CR43]) solved the time-fractional B--S equation through a transformation method with the radial basis kernel. Sumiati ([@CR42]) introduced the Laplace--Adomian decomposition method to solve the B--S equation.

Osman et al. ([@CR29]) investigated the coupled Schrodinger--Boussinesq equation with variable coefficients and used the unified method to obtain two categories of new non-autonomous complex wave solutions. Osman and Machado ([@CR27]) analyzed the (2 + 1)-dimensional Bogoyavlensky--Konopelchenko equation with variable coefficients via the generalized unified method. They also studied the propagation and dynamical behaviors of these solutions for the different choices of arbitrary variable coefficients. Rezazadeh et al. ([@CR36]) examined the hyperbolic rational solutions for four conformable fractional Boussinesq-like equations using the exponential rational function method. Osman et al. ([@CR30]) applied the unified method to examine the (3 + 1)-dimensional conformable fractional Zakharov--Kuznetsov equation with power-law non-linearity and determined the following types of wave solutions: solitary, soliton, elliptic, and periodic (hyperbolic) wave rational solutions. Ghanbari et al. ([@CR6]) proposed new analytical obliquely propagating wave solutions for the time-fractional extended Zakharov--Kuzetsov equation with conformable derivative. Osman ([@CR26]) analytically studied the water wave solutions for the coupled fractional variant Boussinesq equation and investigated the waves in fluid dynamics. Osman et al. ([@CR31]) investigated the non-autonomous Schrödinger--Hirota equation with power-law non-linearity using the unified method. Osman and Wazwaz ([@CR28]) studied (3 + 1)-dimensional Boiti--Leon--Manna--Pempinelli equation and analyzed the propagation and dynamical behaviors of the solutions with different free parameters. Liu et al. ([@CR22]) investigated the Hirota equation with variable coefficients. This method described the pulse propagation in inhomogeneous fibers more realistically than the other constant coefficient equation. Javid et al. ([@CR13]) applied the generalized unified method to analyze the thermophoretic motion equation. They analyzed the soliton-like thermophoresis of wrinkles in graphene sheet based on the Korteweg-de Vries (KdV) equation and illustrated the solutions graphically. Osman et al. ([@CR32]) applied the modified auxiliary equation method to investigate the complex wave structures related to the complex Ginzburg--Landau model. Lu et al. ([@CR23]) examined the Cahn--Hilliard equation to study the physical behaviors of the basic elements related to the phase decomposition of (Fe--Cr--Mo) and (Fe--Cr--Cu) ternary alloys using both the analytical and numerical methods. Furthermore, they studied the relevant dynamical separation process.

Saratha et al. ([@CR39]) developed the FGHAM approach for solving non-linear fractional differential equations. The proposed method overcame the limitations of HAM by avoiding the iterative differentiation and integration requirements. Furthermore, the method also solved the limitations of usual Laplace-type integral transform (*G*-transform).

The effectiveness of FGHAM motivated to study its application to tackle B--S equation in the European option pricing model. The merits of solving the B--S equation with FGHAM are clearly illustrated by identifying the convergence regions through the *h*-curve. The solutions thus obtained present an excellent agreement with the existing results.

The organization of this paper is as follows: Sect. [2](#Sec2){ref-type="sec"} discusses the preliminaries of FGHAM for solving the B--S model, the basic definitions, and the fundamental results that are necessary for understanding the present analysis. Section [3](#Sec4){ref-type="sec"} proposes an elaborate description of the new hybrid methodology to solve non-linear fractional differential equations. Section [4](#Sec6){ref-type="sec"} justifies the reason for using FGHAM to solve the non-linear fractional B--S equation governing European option valuation under transaction costs. Section [5](#Sec10){ref-type="sec"} presents an analysis of the non-linear generalized fractional B--S equation governing European option valuation under transaction costs. Section [6](#Sec12){ref-type="sec"} presents an analysis of fractional B--S option pricing equation and also compares with Monte Carlo simulation. Section [7](#Sec15){ref-type="sec"} validates the statistical analysis for the above numerical examples. Section [8](#Sec16){ref-type="sec"} draws the concluding remarks and presents the suggestions for future research.

Preliminaries {#Sec2}
=============

This section discusses some basic definitions of fractional calculus used in this study.

Definition 2.1 {#FPar1}
--------------

The Riemann--Liovillie fractional integrals (Samko et al. [@CR38]) of the left and right sides are defined for any function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (I_{a+}^{\alpha } \phi )(x)= & {} \frac{1}{\Gamma (\alpha )}\int _{a}^{\infty } (x-t)^{\alpha -1} \phi (t) \mathrm{d}t, \quad x>a.\\ (I_{b-}^{\alpha } \phi )(x)= & {} \frac{1}{\Gamma (\alpha )}\int _{-\infty }^{b} (t-x)^{\alpha -1} \phi (t) \mathrm{d}t, \quad x<b. \end{aligned}$$\end{document}$$

Definition 2.2 {#FPar2}
--------------

The Riemann integral on the half axis (Samko et al. [@CR38]) subjects to a variable limit which can be expressed as:$$\documentclass[12pt]{minimal}
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Definition 2.3 {#FPar3}
--------------

The left- and right-handed Riemann--Liouville fractional derivatives (Samko et al. [@CR38]) of order $\documentclass[12pt]{minimal}
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Definition 2.4 {#FPar4}
--------------

The Caputo fractional derivative of order $\documentclass[12pt]{minimal}
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Definition 2.5 {#FPar5}
--------------

The Mittag--Leffler function, which is a generalization of the exponential function, is defined as:$$\documentclass[12pt]{minimal}
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Definition 2.6 {#FPar6}
--------------
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Lemma 2.1 {#FPar7}
---------

Let *f*(*t*) be a continuous function. Then, the solution *y*(*t*), $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} y= & {} \int _{0}^{t}f(\xi )(\mathrm{d}\xi )^{\alpha } \\= & {} \alpha \int _{0}^{t} (t- \xi )^{(\alpha - 1)} f(\xi ) d{\xi }, \quad 0< \alpha <1. \end{aligned}$$\end{document}$$

Fractional generalized integral transform (fractional *G*-transform) {#Sec3}
--------------------------------------------------------------------

This section introduces the fractional *G*-transform and discusses some of the properties proposed by Saratha et al. ([@CR39]).

### Definition 2.7 {#FPar8}

Let *g*(*t*) be any time-domain function defined for $\documentclass[12pt]{minimal}
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The fractional *G*-transform satisfies the following properties:

### Theorem 2.1 {#FPar9}

(Duality in fractional *G*-transform)

If the fractional-order Laplace Transform of a function *g*(*t*) is $\documentclass[12pt]{minimal}
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### Theorem 2.2 {#FPar10}
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### Theorem 2.3 {#FPar11}
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### Theorem 2.4 {#FPar12}
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The systematic procedure for the FGHAM (Saratha et al. [@CR39]) is given in the next section.

Fractional generalized homotopy analysis method (FGHAM) {#Sec4}
=======================================================

Consider a fractional time non-linear partial differential equation with the following initial condition:$$\documentclass[12pt]{minimal}
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The following systematic procedure steps are used to solve the non-linear fractional differential equations:

**Step 1:** Using fractional *G*-transform, Eq. ([3.1](#Equ1){ref-type=""}) is transformed to:$$\documentclass[12pt]{minimal}
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In ([3.4](#Equ4){ref-type=""}), if $\documentclass[12pt]{minimal}
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Error calculation and convergence of FGHAM {#Sec5}
------------------------------------------
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Fractional Black--Scholes equation {#Sec6}
==================================
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The convergence region is obtained using the *h*-curve. Figure [2](#Fig2){ref-type="fig"} shows the convergence region of Eq. ([4.1](#Equ10){ref-type=""}) between − 2 and 1. Figure [3](#Fig3){ref-type="fig"} indicates that the FGHAM results almost coincide with those of HAM (Kumar et al. [@CR19]), HPM \[Kumar et al. ([@CR19])\], MFDTM \[Ravi Kanth and Aruna ([@CR35])\], RPS \[Jena and Chakraverty ([@CR14])\], CFADM \[Yavuz and Ozdemir ([@CR46])\], and exact solution *v*(*x*, *t*) of the B--S equation. Figure [4](#Fig4){ref-type="fig"} illustrates the solution of the B--S equation with the various settings of the fractional parameter $\documentclass[12pt]{minimal}
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Non-local behavior of implied volatility {#Sec9}
----------------------------------------

The implied volatility, an important financial parameter, which plays a vital role in pricing option problem. Generally, due to the mathematical structure of the integer order B--S formula, the analytical expression to estimate the implied volatility cannot be obtained in the closed form. However, it is worth to mention that the presence of fractional parameter $\documentclass[12pt]{minimal}
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Generalized fractional Black--Scholes equation {#Sec10}
==============================================
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Fractional Black--Scholes option pricing equation {#Sec12}
=================================================

Considering the following fractional Black--Scholes option pricing equation:$$\documentclass[12pt]{minimal}
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Results and discussion {#Sec13}
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Figure [18](#Fig18){ref-type="fig"} depicts the financial pricing derivatives for the different settings of the fractional parameter $\documentclass[12pt]{minimal}
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Comparison with Monte Carlo method {#Sec14}
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To verify the accuracy of the proposed method, the numerical results of the call option obtained using FGHAM for $\documentclass[12pt]{minimal}
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Statistical analysis {#Sec15}
====================

The statistical significance pertaining to the difference among the mean results obtained by FGHAM, exact solution, RPS, and CFADM for the B--S equation using fractional parameter $\documentclass[12pt]{minimal}
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Fig. 19Example 1: Case 1---comparison among the results of FGHAM, exact solution, RPS, and CFADM for the B--S equation Fig. 20Example 1: Case 2---comparison among the results of FGHAM, exact solution, RPS, and CFADM for the B--S equation Fig. 21Example 2: comparison among the results of FGHAM, exact solution, RPS, and CFADM for the B--S equation

Conclusions and future work {#Sec16}
===========================

The FGHAM approach has been successfully applied to solve the fractional non-linear B--S equation governing European option pricing. Using various plots of *h*-curves, convergence region of the solution is identified and closed form series solutions are obtained using Mittag--Leffler function, which clearly reveals the financial process. The suitable convergence criterion is developed and convergence of the series solution is well established using graphical illustration. The closed form series solution of the B--S model is analyzed for various values of the fractional parameters and the results are graphically depicted. In addition, the results are validated against the various methods such as HAM, HPM, MFDTM, RPS, and CFADM, and the accuracy of the proposed FGHAM is verified. The comparative study has been carried out between FGHAM and Monte Carlo simulation and computational efficiency of the proposed method is verified. The analytical expression for the implied volatility is derived and the non-local behavior is studied for the various values of the fractional parameter. The statistical analysis has been carried out using the solutions obtained from the various methods to ascertain the effectiveness of the FGHAM approach and to tackle the B--S pricing model in financial studies. From the experimental analysis, it is evident that the proposed method accurately predicts the solution of the B--S model.

The application of FGHAM can be extended to solve the B--S model with the time variable coefficients to analyze the financial process in future. Moreover, FGHAM can be applied to solve different problems, such as the Navier--Stokes equation, epidemic models, and Pandemic model like COVID-19. The application of FGHAM can also be extended to analyze complicated non-linear differential equations and fractional differential equations that arise in different fields of science and engineering.
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